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a b s t r a c t
Let G be a graph of order n, and let k ≥ 2 andm ≥ 0 be two integers. Let h : E(G)→ [0, 1]
be a function. If
∑
e∋x h(e) = k holds for each x ∈ V (G), then we call G[Fh] a fractional
k-factor of G with indicator function h where Fh = {e ∈ E(G) : h(e) > 0}. A graph G is
called a fractional (k,m)-deleted graph if there exists a fractional k-factor G[Fh] of G with
indicator function h such that h(e) = 0 for any e ∈ E(H), where H is any subgraph of
G with m edges. In this paper, it is proved that G is a fractional (k,m)-deleted graph if
δ(G) ≥ k + 2m, n ≥ 8k2 + 4k − 8 + 8m(k + 1) + 4m−2k+m−1 and | NG(x) ∪ NG(y) |≥ n2 for
any two nonadjacent vertices x and y of G such that NG(x) ∩ NG(y) ≠ ∅. Furthermore, it is
shown that the result in this paper is best possible in some sense.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Many physical structures can conveniently be modeled by networks. Examples include a communication network with
the nodes and links modeling cities and communication channels, respectively, or a railroad network with nodes and links
representing railroad stations and railways between two stations, respectively. Factors and factorizations in networks are
very useful in combinatorial design, network design, circuit layout, and so on. It is well known that a network can be
represented by a graph. Vertices and edges of the graph correspond to nodes and links between the nodes, respectively.
Henceforth we use the term ‘‘graph’’ instead of ‘‘network’’.
The graphs considered in this paperwill be finite undirected graphswithout loops ormultiple edges.We refer the readers
to [1] for the terminology not defined here. Let G be a graph. We use V (G) and E(G) to denote its vertex set and edge set,
respectively. For any x ∈ V (G), the degree and the neighborhood of x in G are denoted by dG(x) and NG(x), respectively. For
S ⊆ V (G), we write NG(S) = x∈S NG(x), and denote by G[S] the subgraph of G induced by S and G − S = G[V (G) \ S].
Let S and T be two disjoint vertex subsets of G. Then we denote by eG(S, T ) the number of edges with one end in S and the
other end in T . We denote by δ(G) and ∆(G) the minimum degree and the maximum degree of G, respectively. We define
the distance dG(x, y) between two vertices x and y as the minimum of the lengths of the (x, y) paths of G.
Let k ≥ 1 be an integer. Then a spanning subgraph F of G is called a k-factor if dF (x) = k for each x ∈ V (G).
Let h : E(G) → [0, 1] be a function. If ∑e∋x h(e) = k holds for any x ∈ V (G), then we call G[Fh] a fractional
k-factor of G with indicator function h where Fh = {e ∈ E(G) : h(e) > 0}. Zhou [2] introduced firstly the definition of
a fractional (k,m)-deleted graph, that is, a graph G is called a fractional (k,m)-deleted graph if there exists a fractional
k-factor G[Fh] of G with indicator function h such that h(e) = 0 for any e ∈ E(H), where H is any subgraph of G with m
edges. A fractional (k,m)-deleted graph is simply called a fractional k-deleted graph ifm = 1.
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Many authors studied graph factors [3–5]. Zhou [6] gave a neighborhood condition for a graph to have a fractional
k-factor. Liu and Zhang [7] showed a toughness condition for a graph to have a fractional k-factor. Zhou [2,8] obtained
two sufficient conditions for graphs to be fractional (k,m)-deleted graphs.
The following results on fractional k-factors and fractional (k,m)-deleted graphs are known.
Theorem 1 (Zhou and Liu [6]). Let k be an integer with k ≥ 2, and let G be a connected graph of order n such that n ≥
9k− 1− 42(k− 1)2 + 2, and the minimum degree δ(G) ≥ k. If
|NG(x) ∪ NG(y)| ≥ 12 (n+ k− 2)
for each pair of nonadjacent vertices x, y ∈ V (G), then G has a fractional k-factor.
Theorem 2 (Zhou [2]). Let k ≥ 2 and m ≥ 0 be two integers. Let G be a connected graph of order n with n ≥ 9k − 1 −
4

2(k− 1)2 + 2+ 2(2k+ 1)m, δ(G) ≥ k+m+ (m+1)2−14k . If
|NG(x) ∪ NG(y)| ≥ 12 (n+ k− 2)
for each pair of nonadjacent vertices x, y of G, then G is a fractional (k,m)-deleted graph.
In this paper, we proceed to study the fractional (k,m)-deleted graphs, and obtain a new neighborhood condition for
a graph to be a fractional (k,m)-deleted graph. Our main result is the following theorem which is an improvement of
Theorem 2.
Theorem 3. Let k ≥ 2 and m ≥ 0 be two integers, and let G be a graph of order n with n ≥ 8k2+4k−8+8m(k+1)+ 4m−2k+m−1 .
If δ(G) ≥ k+ 2m and
|NG(x) ∪ NG(y)| ≥ n2
for any two nonadjacent vertices x and y of G such that NG(x) ∩ NG(y) ≠ ∅, then G is a fractional (k,m)-deleted graph.
By Theorem 3, it is clear that the following result holds.
Corollary 1. Let k ≥ 2 and m ≥ 0 be two integers, and let G be a graph of order n with n ≥ 8k2+4k−8+8m(k+1)+ 4m−2k+m−1 .
If δ(G) ≥ k+ 2m and
|NG(x) ∪ NG(y)| ≥ n2
for each pair of nonadjacent vertices x, y of G, then G is a fractional (k,m)-deleted graph.
The result of Corollary 1 is stronger than that of Theorem 2 if δ(G) ≥ k + 2m and the order n is sufficiently large. Set
m = 0 in Theorem 3. Then we obtain the following corollary.
Corollary 2. Let k ≥ 2 be an integer, and let G be a graph of order n with n ≥ 8k2 + 4k− 8− 2k−1 . If δ(G) ≥ k and
|NG(x) ∪ NG(y)| ≥ n2
for any two nonadjacent vertices x and y of G such that NG(x) ∩ NG(y) ≠ ∅, then G has a fractional k-factor.
Obviously, the result of Corollary 2 is stronger than that of Theorem 1 if the order n is sufficiently large.
2. The Proof of Theorem 3
In order to prove Theorem 3, we depend heavily on the following lemma.
Lemma 2.1 (Zhou [2]). Let k ≥ 1 and m ≥ 0 be two integers, and let G be a graph and H a subgraph of G with m edges. Then G
is a fractional (k,m)-deleted graph if and only if for any subset S of V (G)
k|S| +
−
x∈T
(dG−S(x)− dH(x)+ eH(x, S)− k) ≥ 0,
where T = {x : x ∈ V (G) \ S, dG−S(x)− dH(x)+ eH(x, S) ≤ k− 1}.
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Proof of Theorem 3. Suppose that G satisfies the assumption of Theorem 3, but is not a fractional (k,m)-deleted graph.
Then by Lemma 2.1, there exists some subset S of V (G) such that
k|S| +
−
x∈T
(dG−S(x)− dH(x)+ eH(x, S)− k) ≤ −1, (1)
where T = {x : x ∈ V (G) \ S, dG−S(x)− dH(x)+ eH(x, S) ≤ k− 1} and H is some subgraph of G with m edges. It is easy to
see that dG−S(x)− dH(x)+ eH(x, S) ≥ 0 for each x ∈ V (G). Since |E(H)| = m, we obtain∑x∈T dH(x)− eH(S, T ) ≤ 2m.
Now, we prove the following claims. 
Claim 1. |T | ≥ |S| + 1.
Proof. According to (1) and dG−S(x)− dH(x)+ eH(x, S) ≥ 0 for each x ∈ V (G), we get
−1 ≥ k|S| +
−
x∈T
(dG−S(x)− dH(x)+ eH(x, S)− k) ≥ k|S| − k|T |,
that is,
|T | ≥ |S| + 1
k
.
In terms of the integrity of |S| and |T |, we have |T | ≥ |S| + 1. The proof of Claim 1 is complete. 
Claim 2. |T | ≥ k+m+ 1.
Proof. If |T | ≤ k+m, then by (1), Claim 1, δ(G) ≥ k+ 2m and dH(x) ≤ m for each x ∈ V (G), we get
−1 ≥ k|S| +
−
x∈T
(dG−S(x)− dH(x)+ eH(x, S)− k)
= (k+m)|S| +
−
x∈T
(dG−S(x)− dH(x)+ eH(x, S)− k)−m|S|
≥ |T ‖ S| +
−
x∈T
(dG−S(x)− dH(x)+ eH(x, S)− k)−m|S|
=
−
x∈T
(|S| + dG−S(x)− dH(x)+ eH(x, S)− k)−m|S|
≥
−
x∈T
(δ(G)−m− k)−m|S| ≥ m|T | −m|S| = m(|T | − |S|) ≥ 0.
This is a contradiction. Hence, |T | ≥ k+m+ 1. This completes the proof of Claim 2. 
Claim 3. 1 ≤ |S| < n2 .
Proof. If S = ∅, then by (1), δ(G) ≥ k+ 2m and dH(x) ≤ m for each x ∈ V (G), we obtain
−1 ≥
−
x∈T
(dG(x)− dH(x)− k) ≥
−
x∈T
(δ(G)−m− k) ≥ m|T | ≥ 0,
a contradiction. Hence, |S| ≥ 1.
On the other hand, from (1), |S| + |T | ≤ n and dG−S(x)− dH(x)+ eH(x, S) ≥ 0 for each x ∈ V (G), we have
−1 ≥ k|S| +
−
x∈T
(dG−S(x)− dH(x)+ eH(x, S)− k)
≥ k|S| − k|T | ≥ k|S| − k(n− |S|) = 2k|S| − kn,
which implies |S| < n2 . The proof of Claim 3 is complete. 
Claim 4. |S| < n2 − 2(k+m− 1).
Proof. Suppose that |S| ≥ n2 − 2(k+m− 1). In terms of (1), |S| + |T | ≤ n and
∑
x∈T dH(x)− eH(S, T ) ≤ 2m, we obtain
−1 ≥ k|S| +
−
x∈T
(dG−S(x)− dH(x)+ eH(x, S)− k)
≥ k|S| +
−
x∈T
dG−S(x)− 2m− k|T |
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≥ k|S| +
−
x∈T
dG−S(x)− 2m− k(n− |S|)
= 2k|S| +
−
x∈T
dG−S(x)− 2m− kn
≥ 2k
n
2
− 2(k+m− 1)

+
−
x∈T
dG−S(x)− 2m− kn
=
−
x∈T
dG−S(x)− 4k(k+m− 1)− 2m,
which implies,−
x∈T
dG−S(x) ≤ 4k(k+m− 1)+ 2m− 1. (2)
According to (2), Claim 1 and n ≥ 8k2 + 4k− 8+ 8m(k+ 1)+ 4m−2k+m−1 , we have∑
x∈T
dG−S(x)
|T | ≤
4k(k+m− 1)+ 2m− 1
|S| + 1
≤ 4k(k+m− 1)+ 2m− 1n
2 − 2(k+m− 1)+ 1
≤ 1− 1
k+m .
If follows from Claim 2 and the inequalities above that−
x∈T
dG−S(x) ≤

1− 1
k+m

|T | = |T | − 1
k+m |T | < |T | − 1. (3)
Set T0 = {x : x ∈ T , dG−S(x) = 0}. Note that |T0| ≥ 2 holds by (3). For each two vertices x, y ∈ T0, we get
|NG(x) ∪ NG(y)| ≤ |S| < n2 by Claim 3. According to the definition of T0, it is obvious that T0 is an independent subset
of G. Combining this with the assumption of Theorem 3, the neighborhoods of the vertices in T0 are disjoint. Therefore, we
get
|S| ≥ |

x∈T0
NG(x)| ≥ δ(G)|T0| ≥ (k+ 2m)|T0|. (4)
From (3) and the definition of T0, we get
1− 1
k+m

|T | ≥
−
x∈T
dG−S(x) ≥ |T | − |T0|,
that is,
|T0| ≥ 1k+m |T |. (5)
Using (4) and (5), we obtain
|S| ≥ (k+ 2m)|T0| ≥

1+ m
k+m

|T | ≥ |T |.
Which contradicts Claim 1. The proof of Claim 4 is complete. 
Claim 5. eG(S, T ) ≤ (k+m)|S|.
Proof. According to Claim 2 and dG−S(x) ≤ k+m− 1 for each x ∈ T , there exist at least two independent vertices x, y ∈ T .
Moreover, by Claim 4 and dG−S(x) ≤ k+m− 1 for each x ∈ T , we have
|NG(x) ∪ NG(y)| ≤ |S| + dG−S(x)+ dG−S(y) < n2 (6)
for any two vertices x, y ∈ T .
In terms of (6) and the assumption of Theorem 3, G[NG(s) ∩ T ] is a complete induced subgraph of G for each s ∈ S. Note
that S ≠ ∅ by Claim 3. Thus, from dG−S(x) ≤ k+m− 1 for each x ∈ T , we obtain
eG(s, T ) ≤ ∆(G[T ])+ 1 ≤ k+m.
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Therefore, we get
eG(S, T ) ≤ (k+m)|S|.
This completes the proof of Claim 5. 
By (1),
∑
x∈T dH(x)− eH(S, T ) ≤ 2m, δ(G) ≥ k+ 2m, Claims 1, 2 and 5, we obtain
−1 ≥ k|S| +
−
x∈T
(dG−S(x)− dH(x)+ eH(x, S)− k)
≥ k|S| +
−
x∈T
(dG−S(x)− k)− 2m
= k|S| +
−
x∈T
(dG(x)− k)− eG(S, T )− 2m
≥ k|S| +
−
x∈T
(δ(G)− k)− (k+m)|S| − 2m
≥ k|S| + (k+ 2m− k)|T | − (k+m)|S| − 2m
= m(|T | − |S|)+m|T | − 2m
≥ 0,
it is a contradiction. This completes the proof of Theorem 3.
Remark. Let us show that the condition |NG(x)∪ NG(y)| ≥ n2 in Theorem 3 cannot be replaced by |NG(x)∪ NG(y)| ≥ n2 − 1.
We can show this by constructing a graph G = ktK1 ∨ (kt + 1)K1, where k ≥ 2 andm ≥ 0 are two integers and t is a large
enough positive integer. Then it follows that |V (G)| = n = 2kt + 1 and
n
2
> |NG(x) ∪ NG(y)| = kt > n2 − 1
for any two nonadjacent vertices x and y of (kt + 1)K1 such that NG(x) ∩ NG(y) ≠ ∅. Let S = V (ktK1) ⊆ V (G),
T = V ((kt + 1)K1) ⊆ V (G) and H is any subgraph of G with m edges. Then |S| = kt, |T | = kt + 1, dG−S(T ) = 0 and∑
x∈T dH(x)− eH(S, T ) = 0. Thus, we obtain
k|S| +
−
x∈T
(dG−S(x)− dH(x)+ eH(x, S)− k) = k2t − k(kt + 1) = −k < 0.
According to Lemma2.1,G is not a fractional (k,m)-deleted graph. In the sense above, the result of Theorem3 is best possible.
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